Let D3 (j=1 to n), {~v}y=1,2,3,..., Nj (j=1 to n), f la, f2a, f lad f2', gj13, and gjs be the same notations as those defined in Part XIII [cf. Proc. Japan Acad., Vol. 40, pp. 492-497 (1964) ], and R(2) an integral function. Throughout this paper we deal with a resolvent function U(2) concerning the bounded normal operators Nj such that where {Ki)()} c~denotes the complex spectral family of Nj for each value of j= 1, 2, 3, ..., n, on the assumptions that c(2-2) av'v-a <0° (2{2j) a=1v=1 and (~~ ~)-ad(K(1,( )f2a f2a) <oo (2 {~v} U Di). a=1 L{~v}-{Ay}7UD1 In fact, as will be seen from the method used to show that there exist uncountably many pairs of f is and f 1a such that the former inequality holds [cf. Proc. Japan Acad., Vol. 42, pp. 583-588 (1966) ], we can find uncountably many pairs of f2a and f2a such that the latter inequality holds. N Theorem 64. Let U(2) be the function defined above, and let Tiu ~vu Dj be contained in the disc ~Q{2: 2 <_ a}. Then U(2) is j=1 expansible on any domain 4D{2: p < 2 < oo } with a < p < cc in the form U(_e°)=--ao P ~+--(a --ib e2e p + 1 (a + ib) p (0 <ic(1 Proof.
Since this theorem can be established by reasoning exactly like that applied to obtain the expansion of the function S(2) or T(2) treated in the preceding papers, we will only give an outline of the proof here.
In the interests of brevity, we shall put
Then P(2) and ?'(2) are the first principal part and the second N principal part of U(2) respectively and so x(2) _'P(2) + !'(2), we now denote by P an arbitrarily given closed Jordan curve containing
is absolutely and uniformly convergent in any closed domain dp{2: p < 2 } with a < p < oo, we can find with the aid of the Cauchy theorem and the calculus of residues that, if P is positively oriented,
_ JO (for every z inside F) P(z) (for every z outside F) because of the fact that 1 . c(2-2v)-a-'d2=0 2 7c2 r for the term cay~(2--2v)-«--1 appearing in the expansion of P(2)(2--2L)-1.
Since, on the other hand, ((21 N1)_af2a, f 2«) also converges absolutely and uniformly in dP by virtue of the assumptions, we have 2ir2 rr
j=213=1 D j 2 ra r and moreover, supposing that belongs to [{2j•-{2v}] U D1 or to Dj according as m is equal to a or to ,9, we have 1 derived from 1, U(2)2 'd2=R(0)/p!, we can first establish the 27r2 r equality R(icpeie) =-ao+-(ap -ibp)(,ce2e)p (0 < < c o) 2 2p=' [cf. Proc. Japan Acad., Vol. 38, pp. 641-645 (1962) ]. Next it is verified with the help of (53) convergency of the expansion of U p eie for any i with 0 < ic < 1 is found from the facts that the sets {a} pand {b} pare both bounded and the equalities 2 (ap -ibp) = R~p}(0) pp f p! (p=0,1, 2, ...) are valid.
Remark. Clearly, by virtue of the results of Theorem 64, all the propositions deduced from the expansion of each of S(.) and T(~) in the earlierr discussions are true of 17(2). In addition, most of other propositions established for T(2) are also valid for U(2), as will be seen from the methods of their proofs. It must, however, be noted that there are some essential differences between the respective N characteristics of T(2) and 1(2) as we indicated in the preceding papers.
N Theorem 65. Let 1(2) be the function in Theorem 64; let {~v}v=1,2,3,... be an arbitrarily prescribed, bounded, and infinite sequence of complex numbers; let D; (j =1 to n') be mutually disjoint, closed, bounded, and connected domains having no point in common with the closure {~J of {2}; let N~ be a bounded normal operator whose point spectrum and continuous spectrum are given by {2v} and [{2v}-{2v}] U D, respectively for each value of j=1, 2, ..., ii'; let j, and j, be elements of the subspace 1i determined by all mutually orthogonal `normalized eigenelements of Nl ; let f 2a and .7. be elements of the orthogonal complement s of JJ1 1 in the complex abstract Hilbert space under consideration; let g ja and be elements in the subspace K(D)S~ where {R(2)} denotes the complex spectral family of N~; let R(2) be an integral function; and let 0(2) = R(2) + ((21 Nl )r«j1a, 9) a) + ((2I Nl )raf2a, f)
where ji«, f «, f 2a, and f2« are so chosen as to satisfy the conditions ((2I Nl )~af 1a, f la) I I ~ (2 -2v)"1 I < ~ (2 {~v}) 
where the complex line integral around P is taken counterclockwise and the two series on the right are absolutely convergent. Proof. By the definitions of P and the circle {2: 2 = p}, P does not intersect the circle C{2: 2 = p/ic} for a suitable positive ic less than 1, Both U(2) and U(2) are regular on the closed domain surrounded by P and C and so it follows from the Cauchy theorem that 1 . U(2)U(2)d2=--.-1U(2)U(2)d2, 27x2 r 27r2 a the complex line integrals around P and C being taken counterclockwise. Since, on the other hand, 1 a+ ib p) iAp (0 CICC 1) U(1?ei0) =--a+-(a -ibp)eie p+ ( ~ p p ~ 2 2 p=1 ~ 2 p=1 e and U P e)=--a0+ 1 (d2_2) (e p +--(ap+ibp) 1)7 ~ 2 2 p=1 ~ 2 p=1 eZe p (O and since, in addition, the series on the right of each of these expansions is not only absolutely convergent but also uniformly convergent with respect to 0, we can verify by direct computation that 1 U(2)U(2)d2 27ri a p 22r U(Peit) U(P _eit)&tdt 27r~ o ~ ~ = P (ap -ibp)(ap+1 T i21) + (ap -i bp)(ap+1 T 2bp 11) 4 p p=o where denoting by x(2) the sum-function of the first and second
